Abstract. Fullerenes are class of allotropes of carbon organized as closed cages or tubes of carbon atoms. The fullerenes with small number of atoms were not frequently investigated. This paper presents a detailed treatment of total strain energy as function of structural feature extracted from isomers of C40 fullerene using Szeged Matrix Property Indices (SMPI). The paper has a two-fold structure. First, the total strain energy of C40 fullerene isomers (40 structures) was linked with SMPI descriptors under two scenarios, one which incorporate just the SMPI descriptors and the other one which contains also five calculated properties (dipole moment, scf-binding-energy, scf-core-energy, scf-electronic-energy, and heat of formation). Second, the performing models identified on C40 fullerene family or the descriptors of these models were used to predict the total strain energy on C42 fullerene isomers. The obtained results show that the inclusion of properties in the pool of descriptors led to the reduction of accurate linear models. One property, namely scf-binding-energy proved a significant contribution to total strain energy of C40 fullerene isomers. However, the top-three most performing models contain just SMPI descriptors. A model with four descriptors proved most accurate model and show fair abilities in prediction of the same property on C42 fullerene isomers when the approach considered the descriptors identified on C40 as the predicting descriptors for C42 fullerene isomers.
Introduction
Fullerenes are class of allotropes of carbon organized as closed cages or tubes of carbon atoms. Fullerenes received attention from the researchers all over the word and led to the synthesis of new compounds [1] [2] [3] [4] and identification of different applications due to their hardness, high electron affinity, increased incident light intensity, and biological activities [5] [6] [7] .
C40 is one of the small fullerene and several symmetries of these cages such as D5d [8, 9] , D4h [10, 11] , D2d [9] , D2h [12] were identified and studied. Further, ab initio studies on stability of C40 fullerene were performed [13, 14] C40 fullerene has 40 known isomers. Dinca et al. conducted a theoretical study on the C40 isomers and showed that pentagon valence parameter correlates well with heat of formation as a measure of thermodynamic stability [7] . Halogenated C40 cage has been identified as a good candidate for hydrogen storage [15] while all C40 fullerene isomers were found to be highly aromatized at the polyvalent anionic states [16] . * Corresponding author: phone: +40750774506; e-mail: sbolboaca@umfcluj.ro A nano-quantitative structure-property relationship modeling on C42 fullerene isomers showed the ability of Szeged Matrix Property Indices (SMPI [17] ) as structural descriptors to fit the total strain energy [18] . The aim of this study was to assess the estimation degree for total strain energy derived in the context of continuum elasticity theory on a pool of structural descriptors and respectively structural and property descriptors. Furthermore, the prediction abilities of the most accurate models were assessed on C42 fullerene isomers in the context of the same property.
Materials and methods

Data sets
Data and the values of the total strain energy (continuum elasticity) are online available and were taken from the following addresses: URL:
http://nanotube.msu.edu/fullerene/fullerene.php?C=40 URL:
http://nanotube.msu.edu/fullerene/fullerene.php?C=42 Forty isomers of C40 fullerene and forty-five isomers of C42 fullerene were included in the study.
Regression analysis
The structures of C40 and C42 fullerene isomers were downloaded as *.xyz files and the molecules were included in the analysis as downloaded. The geometry of the investigated fullerene was based on the geometry of the structures in the Yoshida's Fullerene Library and re-optimized using Dreidinglike force-field [19] . The procedure presented in Table 1 was applied on both investigated sets. The pool of structural descriptors (scenario 1) and of structural and property descriptors (scenario 2; properties: dipole moment, scf-binding-energy, scfcore-energy, scf-electronic-energy, and heat of formation) was used as raw data in estimation of most accurate structure-property and structure-propertyproperty models on C40 data set, respectively.
The files containing the raw data from both scenarios entered separately into the regression analysis. The analysis was conducted using classical approach of multiple linear regressions, when sum of squares of residuals from vertical offsets were minimized:
Y ~ Ŷ = a0 + Σ1≤i≤mbiXi or Y ~ Ŷ = Σ1≤i≤mbiXi when a0 is not significantly different by 0 where Y is the total strain energy (dependent variable), Xi is the structural or property descriptor {Xi; 1≤i≤m} (independent variables), m is the number of independent variables in the model, a0 is the intercept of the model, bi is the slope.
The coefficients of the regression model were obtained by minimizing the residuals:
Systematic search for those descriptors able to explain the investigated continuum elasticity was conducted on simple and multiple regression analysis (up to four descriptors) on C40 dataset. The size of descriptors pools for identification of the most accurate models for each scenario is given in An additional program was developed to systematically search for linear models (LM, with the dependent variable and among regressors). A huge number of regressions were tested (125,991,255 regressions only for the second scenario and only for the case of the search with four variables). Several special features were implemented in this program to assure a fast run and to provide useful information (see Table 3 ). Running the program for different dataset or scenario need the input data of different sizes (see Table 2 ) Two scenarios of output were implemented, one in which regressions are listed only if has higher r 2 value, and the other in which the regressions are listed if have the r 2 value higher than a given value.
The scenario for listing only of the regression with higher r 2 works very well in the testing of the association, but r 2 is not the only criterion used to select the most accurate associations
Feature
Explanation When coefficients of regression are obtained, in the same time are obtained their associated t-values (null hypothesis: the value of coefficient is not significantly different by aero) by calculating the inverse of the matrix of the system. For two reasons:  First, worth nothing to list a regression that has coefficients with no statistical significance.  Second, if specifically the intercept has no statistical significance, in means that also the model with no intercept should be tested for significance.
A modification of the classical formula for the calculation of the correlation coefficient between observed (Y) and estimated value (Ŷ) was implemented. This method did not require the calculation of the estimated values for each molecule in the dataset.
After obtaining of the coefficients, the determination coefficient between observed (Y) and estimated value (Ŷ) should be calculated, to list or not the possible regression. But, the classical formula requires need to calculate first the estimated values, which is time consuming (complexity of O(n·m) order). This task is time and resources consuming. The modification reduced the complexity at O(m). Prior conducting any regression, the following sums were calculated:
This implementation allows a significant reducing of the complexity of calculations, because these sums are involved for (about) each coefficient of the matrix of the system (of size m·m).
The program to find the SLR (simple linear regression) and MLR (multiple linear regression) models was run in the test mode, namely to list regressions only if an improvement in the determination coefficient exists.
The determination coefficient (r 2 ) was provided as an estimation parameter and determination coefficient in leave-one-out analysis (Q 2 ) as a parameter of internal validation of the model [21, 22] .
Assessment of the models
The performances in estimation of the top-three models with highest goodness-of-fit were assessed using the measures presented in Table 4 [23] [24] [25] . 
Assessment of prediction power
The prediction power of the most accurate models was assessed in two scenarios:
 The descriptors identified by the most accurate models on C40 dataset were used to predict the total strain energy for C42 dataset.
 The adjusted most accurate models obtained on C40 dataset were applied to C42 congeners.
The metrics used to assess the prediction ability [25] are presented in Table 5 . 
Results and Discussion
Estimation models
The study conducted to identify the most accurate models able to estimate the total strain energy on the C40 isomers showed that 37 models proved accurate when just structural descriptors are considered as independent variables. In addition, when the pool of descriptors contained both structural and property descriptors, just 28 models are identified. The trends in regard of determination coefficient of the identified models obtained on both scenarios are presented in Figure 1 . One property descriptor represented by 'scf-binding-energy' is the only property with significant contribution to the total strain energy on C40 dataset. Its contribution is observed from the first model until the sixteenth model in the second scenario (Figure 1 ) while the last twelve models in both scenarios are identical and contain only structural descriptors. Details on all 37 and respectively 28 models are given in Supplementary Material. The investigated C40 dataset have some 'advantages' and 'disadvantages' in the regard of the applied methodology of analysis. All atoms are carbon atoms, so it is easy to do the research on such sample. Nevertheless, is not an advantage for SMPI, which operates at the level of the type of the atom too (take into account different atomic properties for different atom types). SMPI produces degenerated descriptors when all atoms are the identical, which reduces its explanatory power, so it is a disadvantage. All molecules have the same number of atoms, and all atoms have the same 'vertex degree' -e.g. number of bonds attached to it; this is another disadvantage, for a method based on topology, but not necessary of SMPI that works also at geometrical level. All bonds are of same type -aromatic bonds -and this is a disadvantage for SMPI (which degenerates again), since SMPI takes two topological approaches -one classical in which the topological distances are counted as the number of bonds, and another one in which the distance is counted as the inverse of the bond order.
Three models with high goodness-of-fit and small difference between goodness-of-fit and determination coefficient in leave-one-out analysis were assessed concerning their prediction abilities of the set of C42 congeners. The top-three models are given in Eq (1) The models in Eq(1)-Eq(3) considered a total number of nine SMPI descriptors, five of them linking electronegativity [26, 27] with the total strain energy, while other considered melting point temperature ('G' as the last letter in the descriptor name), atomic mass ('A') or atomic number ('B'). With one exception represented by IIPTB descriptor, all other descriptors considered the distance matrix calculated using topological distance ('G' as the fourth letter in the descriptors name). The third letter in the descriptors name refers the interaction effects matrix operating on the properties and on the distances matrices. The second letter is related with the value calculated in the interaction effect matrix as minimum or maximum ('m' respectively 'M' letter as second letter in the descriptor name), halfsum(Mi,j*Mj,i*Adi,j, where Mi,j = the i th and j th element on matrix, Mj,i = the j th and i th element on matrix, and Adi,j = the i th and j th element on adjacency matrix) ('F' letter), half-sum(Mi,j) ('I' letter), or halfsum(Mi,j*Mj,i) ('J' letter). The first letter in the descriptor name is related with the linearization operator.
The analysis of the results revealed that the Eq(2) model is the one with both higher adjusted determination coefficient and higher determination coefficient in leave one-out analysis. Just one measure associated to the residual errors, named mean absolute error indicate that model from Eq (2) is superior compared with Eq(1) and Eq(3) (see Table  6 ). All other investigated measures (see Table 6 ) sustain the model from Eq(3) as the most accurate model in estimation of the total strain energy on C40 fullerene congeners. 
Assessment of prediction power
Two different approaches were used to assess the prediction power of the models: the use of the weighted equations obtained on C40 fullerene dataset and the use of descriptors from Eq(1)-Eq(3) models to predict the total strain energy using C42 dataset.
The same weight of 0.5 proved able to led to best fit of Eq(1) and Eq(2) on C42 congeners. The proper weight able to led to best fit of Eq(3) on C42 congeners proved equal to 0.1.
The SMPI descriptors from the best performing models identified on C40 (n=40) congeners were used as independent variable to predict total strain energy on C42 congeners (n=45) and the results are presented in Eq(4)- (6) where Ŷ = estimated total strain energy; ImUGG, RJUGE, IFEGE, IIEGA, LMEGG, IJUGE, IFUGE, IIUGE, and IIPTB = SMPI structural descriptors; r 2 = determination coefficient; r 2 adj= adjusted determination coefficient; F-value = ratio of variance explained by the model; p-value = p-value associated to F-value Q 2 =determination coefficient in leaveone-out analysis.
The prediction metrics for both approaches are presented in Table 7 . An analysis of Table 7 showed that the models that used the SMPI descriptors had better prediction abilities compared with the weighted Eq(1)-(3) models. Even if some of the weighted models had prediction abilities (see Eq(1)*0.5, Table 7 ), the models from Eq(4)-(6) more accurate prediction powers. The plots associated with the applied approaches are presented in Figure 2 . The analysis of the graphical representations of the models leads to the same conclusion as the analysis of the prediction metrics presented in Table 7 . These lead to the conclusion that SMPI descriptors belonging to the most accurate estimation models to fit total strain energy on C40 congeners are also able to fit the total strain energy on C42 congeners. Similar results are expected to be seen also on other similar sets of Cn congeners.
The model with four descriptors showed abilities in estimation (on C40 dataset) and prediction (on C42 dataset). The best prediction is obtained when the descriptors identified to belong to the most accurate models on C40 congeners are used to predict the same property, namely total strain energy, on C42 congeners. This result is similar with the previously reported results [18] . The analysis of Eq (3) and Eq (4) showed lower values of the coefficients in prediction model compared with estimation model but without any change of the sign (as + or -) of the coefficients. According with this model, the total strain energy of C40 and C42 fullerene congeners is explained by electronegativity and atomic number as atomic property of the compounds, having geometric and topologic component. One of the fourth descriptors seen in the most accurate model, namely IJUGE, was also identified as descriptor linked with the total strain energy in the previously reported study on C42 congeners [18] . (6) on C42
Comparison with other reported models
A regression model is considered to have prediction power if is accurate on compounds not included in the dataset on which the model was obtained. The prediction power of regression models was tested on external data set represented by C42 fullerene isomers in this manuscript and the model in Eq(5) and Eq(6) proved accurate models. However, are the models given by Eq(5) and Eq(6) different by the more accurate models obtained on C42 fullerene isomers? To test this, the models in Eq(5) and Eq(6) were compared in regard of goodness-of-fit with two previously reported models [18] using Steiger's correlated correlation analysis [28] .
The most accurate models reported on C42 fullerene isomers able to estimate and predict the total strain energy using SMPI descriptor as previously reported [18] No significant difference in regard of correlation coefficients was observed when Eq(7) was compared with Eq(8) ( Table 8 ). All other cases showed significant higher correlation coefficients as the number of equation increased (Table 8) . An analysis of models given by Eq(5)-Eq(8) and of the results presented in Table 8 reveals the  following:  At least one SMPI descriptor is the same in Eq (5) and Eq (7), and Eq(6) and Eq (8) , respectively  The model with four descriptors in Eq(8) has an intercept significantly different by zero compared with the model in Eq(6) that proved an intercept not significantly different by zero  The explanatory power express by r 2 is higher on models from Eq(7) and Eq(8) compared with models on Eq(5) and Eq (6)  No difference in regard of goodness-of-fit is observed between Eq(7) and Eq(8).
The results of our study showed that the SMPI descriptors accurately fit the total strain energy on C40 isomers. Nevertheless, the SMPI descriptors able to explain the total strain energy of C40 fullerene isomers provide fair models also on C42 fullerene congeners.
Even if fair prediction power was obtained on C42 fullerene congeners, the goodness-of-fit is lower compared with the goodness-of-fit of the most accurate models previously reported on C42 fullerene isomers. Furthermore, differences are observed in atomic properties and the contribution of topology and/or geometry to the total strain energy are observed when the model is constructed on the C42 fullerene isomers compared with the approach when the model constructed on C40 fullerene congeners is used to predict the total strain energy.
Conclusions
Estimation of properties with families of descriptors derived from structure is generally superior to estimation of the properties from other properties. In fact, it is a hazard to predict one property from another since the properties are measured in different conditions and/or with different instrumentation, or are calculated using different formulas and/or approaches).
The total strain energy was successfully model on C40 fullerene isomers and those structural characteristics able to explain the variation of total strain energy were identified. A model with four descriptors proved most accurate model and show fair abilities in prediction of the same property on C42 fullerene isomers when the approach considered the descriptors identified on C40 as the input descriptors for C42 fullerene isomers.
